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15 We study annual logarithmic growth rates R of various economic variables such as exports, imports, and
16 foreign debt. For each of these variables we find that the distributions of R can be approximated by double
17 exponential (Laplace) distributions in the central parts and power-law distributions in the tails. For each of
18 these variables we further find a power-law dependence of the standard deviation o(R) on the average size of
19 the economic variable with a scaling exponent surprisingly close to that found for the gross domestic product
20 (GDP) [Phys. Rev. Lett. 81, 3275 (1998)]. By analyzing annual logarithmic growth rates R of wages of 161
21 different occupations, we find a power-law dependence of the standard deviation o(R) on the average value of
22 the wages with a scaling exponent 8~0.14 close to those found for the growth of exports, imports, debt, and
23 the growth of the GDP. In contrast to these findings, we observe for payroll data collected from 50 states of the
24 USA that the standard deviation o(R) of the annual logarithmic growth rate R increases monotonically with the
25 average value of payroll. However, also in this case we observe a power-law dependence of o(R) on the
26 average payroll with a scaling exponent S~-0.08. Based on these observations we propose a stochastic
27 process for multiple cross-correlated variables where for each variable (i) the distribution of logarithmic
28 growth rates decays exponentially in the central part, (ii) the distribution of the logarithmic growth rate decays
29 algebraically in the far tails, and (iii) the standard deviation of the logarithmic growth rate depends algebra-
30 ically on the average size of the stochastic variable.
31 DOI: XXXX PACS number(s): 89.65.Gh, 89.65.—s, 82.20.Uv, 02.50.Ey
32
33 I. INTRODUCTION

34 The dynamics of noise-driven stochastic systems de-
35 scribed by temporal stochastic processes are of interest in a
36 variety of phenomena such as Brownian motion [ 1], Johnson
37 noise [2], company growth [3], chemical reactions [4], stellar
38 dynamics [5], and quantum optics [6]. In economics, sto-
39 chastic processes have been successfully applied to model
40 diverse levels of economics systems, ranging from the “mi-
41 cro” level of company products to the “macro” level of com-
42 pany sizes and even national economies. Since the pioneer-
43 ing work of Gibrat [3], researchers have analyzed the
44 relationship between the size of a company and its growth
45 rate [7-14]. For countries, it has been found that the loga-
46 rithmic growth rates of the gross domestic product (GDP) are
47 approximately (i) double exponentially (Laplace) distributed
48 in the central part [15,16] and (ii) power-law distributed in
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the tails [12] with (iii) a power-law relation between the 49
average GDP and the standard deviation of the logarithmic 50
growth rates with a scaling exponent 8~0.15 [15]. These 51
results obtained for macroeconomic data are in agreement 52
with those obtained for microeconomic data, such as sales of 53
different companies [9]. In Ref. [9] the scaling behavior of 54
the growth of U.S. companies was investigated, and the same 55
power-law scaling between the standard deviation of the 56
logarithmic growth rate and the initial size was found. Inter- 57
estingly, the same power-law scaling behavior was also 58
found for both the sales and the number of employees. Re- 59
cently, some other microeconomic variables (the number of 60
products of pharmaceutical companies) were analyzed [12], 61
and the same scaling behavior was observed. Analyses of 62
different markets have shown that also the distributions of 63
growth rates of firms, companies, and industrial production 64
can be approximated by tent-shaped exponential distribu- 65
tions [17,18], and exponential-power (Subbotin) distributions 66
[19]. 67
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TABLE I. First four moments of the distribution of R for ex-
ports, imports, and debt. We calculate the annual logarithmic
growth rate Ri')Eln(S(?l/ SEL)) for each year ¢ and each country i.
From the set of all RE’S we compute the mean (R), the median, the
standard deviation o(R), the skewness of R, and the kurtosis of R. If
the distribution of R were Gaussian, the skewness of R would be
equal to zero, and the kurtosis of R would be equal to 3. We find
that the skewness of R is greater than zero for all of the three
economic variables, stating that in all three cases the distribution of
R is asymmetric with a thin tail on the left and a thick tail on the
right. We also find that the kurtosis of R is greater than 3 for all of
the three economic variables, stating that in all three cases the dis-
tribution of R has thicker tails than a Gaussian distribution with the
same mean and variance. Interestingly, with respect to both the third
and the fourth moment, the deviation from the Gaussian distribution
is greatest for debt and smallest for imports.

Export Import Debt
Years 1966-2005 1966-2005 1970-2005
Length 4049 4049 3789
No countries 174 174 135
(R) 0.076 0.073 0.124
Median 0.076 0.075 0.083
a(R) 0.184 0.169 0.251
Skewness of R 0.314 0.198 5.665
Kurtosis of R 11.43 7.705 71.59

68 II. EMPIRICAL ANALYSIS

69  We ask if the mechanism found for the time evolution of
70 the country GDP could be responsible for the observed dy-
71 namics of three different economic variables: total exports
72 (exports of goods and services), total imports (imports of
73 goods and services), and foreign debt for different countries
74 and different years [20]. For each of these three economic
75 variables S, each country i, and each year ¢ ranging from
76 1966 to 2005 [21], we compute the annual logarithmic
77 growth rate as

R = In(s/s"), (1)
79 and join all (Rfl) ,SE’)) pairs into one common data set. Table
80 I shows a summary of our statistical results. In order to in-
81 vestigate if and how the standard deviation of the logarithmic
82 growth rates o(R) correlates with the size of economic vari-
83 able S, we divide the data set into ten subsets by selecting ten
84 subintervals (of equal size) of In S.

85 In Fig. 1 we find that, for each economic variable S, the
86 standard deviation o(R) of the annual logarithmic growth
87 rate R decreases algebraically (power law) with the annual
88 average (S) of the economic variable S, i.e., o(R)x(S)7~.
89 Surprisingly, the three scaling exponents S are close to the
90 scaling exponent S=0.15 reported for the growth of the
91 GDP [15]. We also investigate the annual growth rate for
92 foreign direct investments, and find it has similar (3.

93  Next we investigate how sensitively the values of the
94 scaling exponents depend on the number of subsets chosen.
95 Table II shows that the power-law exponents S vary only

78
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o(R)

FIG. 1. Standard deviation o(R) of the logarithmic growth rate
R as a function of the average values S of imports, exports, and
debt. We find that, for each of the three economic variables, the
standard deviation o(R) decays algebraically with S. Interestingly,
all three scaling exponents [ are similar to each other and surpris-
ingly similar to the scaling exponent S=0.15 observed for the
gross domestic product of countries (GDP) and firms.

little with the number of subsets chosen. The results in Ref.
[15] imply that the growth rate R from the high GDP coun-
tries have a lower standard deviation than the growth rates
from the low GDP countries. Surprisingly, we find the same
scaling relation for imports, exports, and debt. In order to
explain why, for example, debt and GDP exhibit a similar
scaling behavior, we note that from an economic perspective,
governments are good if they are capable of maintaining debt
in a stable proportion to the GDP.

We stress that the first reason why we gather together data
of all countries is to increase the statistics, since there are at
most 40 data points for each country. The second reason is to
investigate the global behavior for the economics variables
analyzed in the paper. However, it would be interesting to
accomplish the data analysis focused on individual countries.
Thus, we propose the following procedure. For each country
with n values of growth rate R, we first calculate the average

(M:ler (2)
S

Second, in a log-log plot we show (R—(R))? versus (S)~%#
and calculate the scaling exponent 283. For each of three
economic variables (exports, imports, and debt), we calculate
for each country 23. We obtain that 8 values are both posi-
tive and negative, but the average scaling exponent is posi-
tive for each economic variable. In Fig. 2 we show a prob-

TABLE II. Scaling exponents S for exports, imports, and debt
for different values of the number of subsets. We find that the three
scaling exponents are almost independent of the number of subsets.

Export Import Debt
7 0.12+0.02 0.08 +0.01 0.13+0.02
10 0.12+0.01 0.09+0.01 0.13+0.02
15 0.13+0.01 0.09+0.01 0.14+0.02
20 0.11+0.01 0.09+0.01 0.14+0.02
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FIG. 2. Probability distribution of the country-specific scaling
exponents B for import data. For each country, we estimate 3 by a
linear regression of In(R—(R))> versus —231n S. We find that the
scaling exponents 3 vary strongly from country to country, ranging
from strongly negative values smaller than —2 to strongly positive
values greater than +2. Interestingly, the average scaling exponent
B=0.16 is positive and comparable to the value $=0.09 obtained
from the pooled data set of all countries.

120 ability distribution for import data and we find that positive
121 scaling exponents prevail giving

122 (B)=0.16 = 0.74. (3)
123 The same analysis carried out for export data yields

124 (B)=0.10 £0.71, (4)
125 whereas for the debt data we obtain

126 (B)=0.16 = 0.25. (5)

127 Note that the standard deviations are very high, but the av-
128 erage scaling exponents are close to those obtained in Fig. 1.
129 Now we may also employ for individual countries the pro-
130 cedure explained in Fig. 1. For that procedure, since there are
131 at most 40 data points for each country, we divide the entire
132 data set into a maximum of four subsets according to size.
133 For each economic variable S (exports, imports, and debt),
134 the standard deviation of the logarithmic growth rate R again
135 decreases with annual average (S) as a power law with both
136 positive and negative scaling exponents for individual coun-
137 tries.

138  Motivated by the results found in Fig. 1, we investigate
139 how the growth-rate distribution depends on the initial size.
140 We partition the data set into three subsets of equal size
141 according to the export value. In Fig. 3, for the subsets with
142 the smallest and the largest values of S, we find that (i) the
143 central parts of the empirical conditional distributions of
144 growth rates R are conrsistent with the Laplace distribution
145 P(R)=1/(\20)exp[(=\2|R-a|)/o]. Both parameters a
146 =median and o=12/N3 |R,—median| are the maximum
147 likelihood estimate of the scalar parameter of the Laplace
148 distribution. We also find that (ii) the spread of the distribu-
149 tion measured by the standard deviation of R decreases with
150 an increase of S, consistent with Fig. 1. Again, we find that
151 changing the number of subsets (e.g., from three to four)
152 leaves both findings (i) and (ii) unchanged. Note that by
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FIG. 3. Conditional probability distributions P(R|S) of the loga-
rithmic growth rate R of exports for two values of S. We stratify the
whole data set (Rfi) ,‘Sf")) into three equally large subsets according
to the values of St'. The lower curve (filled circles) shows the
conditional probability distribution P(R|S) for the subset with the
greatest values S of exports, $>8.8X10°, and the upper curve
(open circles) shows the conditional probability distribution P(R|S)
for the subset with the smallest values of exports, $=<9.2 X 108.
Note that the distributions are shifted for the sake of clarity. We find
that the central parts of both of the conditional distributions can be
approximated by Laplace distributions centered at median. We fur-
ther find that the standard deviations o(R) of both distributions are
significantly different. Specifically, we find that o(R)=0.139 for the
group with the greatest values S of exports is smaller than o(R)
=0.223 for the group with the smallest values S of exports, consis-
tent with the observation from Fig. 1 that the standard deviation
o(R) decreases with increasing values of S.

conditional distributions we assume distributions calculated 153
conditional on a specific group of data, not specific initial 154
value S, as commonly defined in probabilistic theory. Con- 155
ditional distributions we obtain by simultaneously analyzing 156
time series corresponding to different countries (for each 157
country 40 data points or fewer), defined by different initial 158
values. 159

Next, we investigate the growth-rate distributions of ex- 160
ports, imports, and debt for all countries and all years. We 161
calculate probabilities by measuring the empirical growth 162
rates at equally spaced growth-rate subintervals. In Figs. 163
4(a)-4(c) we find that, for all of the three economic variables 164
S, the central parts of the empirical probability distributions 165
P(R) can be approximated by a Laplace distribution, where 166
the median of R is obtained over all countries and all years. 167

In contrast to the central part, the far tails of the condi- 168
tional probability distributions cannot be approximated by 169
Laplace distributions. We find that the right far tails [R 170
=0.8 in Fig. 4(a)] of the conditional probability distributions 171
can be approximated by a power law P(R)=R™“, consistent 172
with similar findings for both financial [22,23] and economic 173
[12] data. 174

To estimate the power-law exponent, we employ the equa- 175
tion a=1+n[ZL, In(R,/R,;,)]"" [24], where R,;, is the 176
smallest value of R, for which the power-law behavior holds, 177
and the sum runs only over those values of R, that exceed 178
R,,i,- For chosen R,,;,,~ 0.8, for exports, imports, and debt we 179
obtain the following results: a=4.3, a=5.5, and a=3.0, 180
which are comparable to the power-law exponent a=4 ob- 181
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FIG. 4. Probability distributions P(R) of the logarithmic growth
rates R of (a) exports, (b) imports, and (c) debt. We find that, for
each of the three economic variables, the central parts of P(R) can
be approximated by a Laplace distribution centered at median,
where median and parameter o= 2/NZ|R,—median| are both ob-
tained by maximizing the likelihood, and N denotes the number of
data points. Consistent with Table I the standard deviation o(R), the
skewness of R, and the kurtosis of R are greatest for debt and
smallest for imports.

182 tained for the growth-rate distribution of country GDP [12].
183 By analyzing different levels of aggregation of economic
184 systems, from microeconomics to macroeconomics, different
185 research groups have found that many economics variables
186 exhibit power-law scaling of the standard deviation with its
187 size. Here, we analyze the data comprises countries that re-
188 port pay data (wages) for each year and all years cumula-
189 tively for at least one of the 161 occupations. The number of
190 countries that report pay data for at least one occupation
191 varies between 42 and 76 countries in the years 1983-2002
192 [25]. We compute the annual logarithmic growth rate Rf’)
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FIG. 5. (a) Standard deviation o(R) of the logarithmic growth
rate R as a function of the average values S of wages (expressed in
U.S. dollars) of 161 different occupatjons and different countries.
We divide the whole data set (Rﬁ’)_,Si')) into five subsets of equal
sizes according to the values of SE’). We find that the standard de-
viation o(R) decays algebraically with S. Interestingly, the scaling
exponent (3 is very similar to the scaling exponent S~0.15 ob-
served for the gross domestic product of countries (GDP) and firms,
and to the scaling exponents B found for exports, imports, and debt
in Fig. 1. For the mean, the median, and the standard deviation of R
we obtain (R)=0.042, median=0.05, and 0=0.28, respectively. (b)
Probability distribution P(R) of the logarithmic growth rates R of
waves. We find that the central parts of P(R) can be approximated
by a Laplace distribution centered at R=median, where the far tails
of P(R) can be approximated by a power law R™® with scaling
exponent a=4.2.

Eln(Si?l/Sii)), for each wage S, each country i, between two
subsequent years ¢ and 7+1 (if they exist). We then join all
(Rfl) ,SE’)) pairs into one common data set. We divide the data
set into five equal-size subsets of logarithm S. Figure 5(a)
shows that the standard deviation o(R) of the annual loga-
rithmic growth rate R decreases as a power law with the

annual average (S) of the economic variable S,
a(R) = ($)7F. (6)
The scaling exponent
B=0.14 = 0.04 (7)

is close to the scaling exponent S~0.15 reported for the
growth of the GDP [15]. If the data set is divided into six
subsets we obtain a slightly smaller scaling exponent
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206 £=0.10 = 0.03. (8)

207 In Fig. 5(b) we find that the probability distribution P(R)
208 of the logarithmic growth rates R of wages can be well ap-
209 proximated by a Laplace distribution in the central part,
210 while the far right tails are well approximated by the power
211 law R~ with exponent a=4.2.

212 III. UNIVARIATE STOCHASTIC PROCESS

213 In an attempt to propose a model that could simulta-
214 neously reproduce the observed power-law scaling of o(R)
215 with (S) and the conditional distribution of R,, we propose
216 the following multiplicative discrete-time stochastic process
217 of logarithmic growth rates,

(S
In

_t) = wolt + (S,-1) Yoo mAt,

R
t Si-1

218 ©)
219 where 7, is an i.i.d. Gaussian noise term with expectation
220 value (7,)=0 and variance (7],2>:1 [26]. Here, the parameter
221 u, is related to the expected growth rate (R), oy, controls the
222 spread of R, and the scaling parameter vy controls the scaling
223 exponent of the power-law dependence of o(R) on (S). The
224 dependence of o(R) on S emerges from the relation o(R)?
225 =((R— ,LLO)2>=O'%<(S)_27>, where o(R) decreases with S for
226 y>0.

227  The stochastic process of Eq. (9) is motivated by the sto-
228 chastic process of proportional growth rates [27,28]

l

R —
Si1

999 ; = polt + (S,.1) YopnAt, (10)
230 where there is virtually no difference between the stochastic
231 processes of Egs. (9) and (10) in the limit |AS,|<S,_;, due to
232 the limit transformation In(S,/S,_;)=In[(S,_;+AS,)/S,_;]
233 =AS,/S,_,.

234  The difference between the stochastic processes of Egs.
235 (9) and (10) increases with increasing AS,/S,_;. The discrete-
236 time stochastic process of Eq. (10) leads to unacceptable
237 negative values of S for negative noise terms 7, (when R,
238 <-1), due to the relation S,=S,_;(1+R;). In contrast, the
239 stochastic process of Eq. (9) leads to exponentially decreas-
240 ing, but positive, values S,=S,_; exp(R,) for negative values
241 of R,. This means that the variable S fluctuates (due to the
242 noise term 7) around the exponential trend determined by the
243 first term on the right hand side of Eq. (9).

244  With the goal of modeling findings (i)—(iii) both qualita-
245 tively and quantitatively, we choose y=0.15 [9] and generate
246 N=300 time series S, all of the same length n=200 by the
247 discrete-time stochastic process of Eq. (9). The choice of S,
248 is arbitrary. For each time series S, we calculate the logarith-
249 mic growth rates R, the average size (S), and the standard
250 deviation o(R). Figure 6 shows o(R) versus {S).

251 Qualitatively, we find that time series with a small aver-
252 age value of S show a high standard deviation of the annual
253 growth rate R, whereas time series with a high average value
254 of S show a small standard deviation of the annual growth
255 rate R. Quantitatively, we find that the standard deviation
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FIG. 6. Dependence of o(R) on S for time series generated by
the stochastic process of Eq. (9). We generate 300 times series S,
each of the same length n=200, by the stochastic process of Eq. (9)
with parameter values wy=0.01, 09=0.5, y=0.15, and Sy=10 000.
We compute the average size (S) and the standard deviation o(R)
from each of the 300 time series, and show a log-log scatter plot of
o(R) versus (S). We find that the dependence of a(R) on (S) can be
approximated by a power law, o(R)(S)~# with scaling exponent

B=v.

o(R) decreases algebraically with the average value of S, i.e.,
o(R) = (S)™?, with a scaling exponent B=y. This states that
the univariate stochastic process of Eq. (9) can, qualitatively
and quantitatively, reproduce observation (iii).

Next, we investigate if the stochastic process proposed in
Eq. (9) could possibly also reproduce the empirical property
(i). We generate many time series of length n=30, where
each time series is obtained with equal S,. In Fig. 7(a), for
v=0.15, we find that the central part of conditional probabil-
ity distribution P(R|S,) is more consistent with a Laplace
distribution than a Gaussian distribution. This is surprising,
because the Laplace distribution is obtained as the superpo-
sition of Gaussian distributions 7 in Eq. (9). So far, the sto-
chastic process proposed in Eq. (9) reproduces properties (i)
and (iii).

Further, we investigate if the stochastic process of Eq. (9)
could possibly also reproduce empirical observation (ii). In
Fig. 7(b), we plot the far tails of P(R|S,) on the log-log plot,
and find that the tails of P(R|S,) can be approximated by a
power law. This is a requiring property because a power law
in the far tails is a common behavior for both financial
[22,23] and economic [12] data, and commonly modeled by
the multiplicative stochastic processes [29]. Figure 7(b)
shows that by tuning the parameter oy, one obtains virtually
any scaling exponent of the power-law tails. This property
that the tail slopes are inversely proportional to the noise
intensity [controlled by the size of oy, for the stochastic pro-
cess of Eq. (9)] is associated to a large class of multiplicative
stochastic processes.

Generally, we find that time series of the stochastic pro-
cess of Eq. (9) with different initial values S, and S and
different parameter values of o, and o7, generate the same
conditional distribution if oSy ”=0S;”” [Fig. 7(a)]. We con-
clude that three empirical findings (i)—(iii) are reproduced by
the stochastic process proposed in Eq. (9).

We find that the stochastic process of Eq. (9) can be used
for modeling both increasing (with y<<0) [30] and decreas-
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FIG. 7. Probability distribution P(R) for time series generated
by the stochastic process of Eq. (9). For four different values of oy,
we generate 10° time series S,, each of the same length n=30, by
the stochastic process of Eq. (9) with parameter values uu=0.01
and y=0.15. Specifically, we choose the four pairs of values o
=40, 0y=20, 0=15, and 0= 10. For o,=40, we choose So=10'°,
where for 0;=30, 0;)=15, and o;=10 we choose S, which satisfy
the relation 6yS§=0yS,?. We study the four probability distributions
of the resulting 3 X 107 values of R for these four different values of
oy and Sy. (a) We find that the four different probability distribu-
tions P(R) collapse after rescaling of R and that the central part of
the collapsed probability distribution P(R) can be approximated by
a Laplace distribution. (b) We find that the tails of the four prob-
ability distributions P(R) can be approximated by a power law R™*
with a positive scaling exponent @ whose magnitude is monotoni-
cally decreasing with an increasing value of oy,.

293 ing (y>0) power-law scaling of the standard deviation o(R)
294 with S. To this end, we analyze payroll data, denoted by S,
295 calculated for each of the 50 states of the USA [31]. We
296 compute for each state 7, and each year ¢ ranging from 1992
297 to 2004 the one-year logarithmic growth rate of Eq. (9) R!
298 and join all (R(i),SSi)) pairs into one common data set.

299  Figure 8(a) shows the standard deviation o(R) of the loga-
300 rithmic growth rates R of total payroll as a function of the
301 average values. For total payroll we find a power-law scaling
302 o(R)<(S)™# of the standard deviation o(R) with {S), in
303 agreement with what was earlier found for countries and
304 companies. However, in contrast to what was found for
305 countries and companies, we find for total payroll that the
306 scaling exponent (8=-0.08 =0.03) is negative. With an ar-
307 bitrarily chosen negative value of 7y, Fig. 8(b) shows that the
308 increasing functional dependence of o(R) on (S) can be
309 modeled by the stochastic process of Eq. (9).
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FIG. 8. Standard deviation o(R) of the annual logarithmic
growth rate R as a function of the average values S of total payroll
expressed in U.S. dollars. In contrast to the observation found for
countries (Fig. 1) and wages (Fig. 2), we find that for total payroll
the standard deviation o(R) increases with S. However, in agree-
ment with the observation of Figs. 1 and 2, the dependence of a(R)
on S can be approximated by a power law, with a negative scaling
exponent (B=-0.08 =0.03). For the mean and the median of R we
obtain (R)=0.054 and median=0.057, respectively. (b) Standard de-
viation o(R) as a function of S for time series generated by the
stochastic process of Eq. (9). We generate 300 time series S,, each
of the same length n=200, by the stochastic process of Eq. (9) with
parameter values uy=0.02, 04=0.01, y=-0.15, and S,=10°. We
find qualitatively that for negative values of <y the standard devia-
tion o(R) grows monotonically with § and quantitatively that the
dependence of o(R) on S can be approximated by a power law S
with a negative scaling exponent 8= 7.

To exemplify the utility of the stochastic process Eq. (9), 310
next we propose a simple model for growth of business com- 311
panies. We assume that each company « is comprised of K, 312
units, such as divisions or products. To make the model 313
simple, we assume that neither number of companies nor 314
number of company units change in time. At time #, each 315
company unit has size s;,, where i=1,2,...,K,. We assume 316
s;, are independent random variables, and we propose that 317
the size s;, of each company unit is governed by the stochas- 318
tic process of Eq. (9). The size of a company is defined as 319
Sa’,EEfialsi’t. The growth rate of each company is defined as 320
R,=In(S,,/S,,). With the goal of modeling business com- 321
panies, for each company at time ¢ we generate the size s, , of 322
each company unit by using the stochastic process of Eq. (9). 323
Initial sizes s; ) we take from a Gaussian distribution. Finally, 324
for each company we generate a time series S, , of the same 325
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FIG. 9. Standard deviation o(R) of the growth rate R as a func-
tion of the average values S obtained for modeling business com-
panies, denoted by a, where the growth rate of each company we
define as R=In(S /S, 1), and S, denotes the size of a company.
Each company is comprised of constant number K, of units where
each company unit has size s;,, where we assume s, , are indepen-
dent random variables, where it holds § m,:Efi"is,«’,. The size of each
company unit is governed by the stochastic process of Eq. (9) with
parameter values uy=0.02, 0(=0.7, and y=0.15. Initial sizes s,
we take from the Gaussian distribution N(100 000, 10 000). We take
300 different companies, and for each company we generate a time
series, each of the same length n=200. For each company we cal-
culate the mean (S) and the standard deviation o(R). We find that
the standard deviation o(R) decreases with S according to power
law with exponent 8= 7.

326 length n=200. For each time series S,, we calculate the
327 logarithmic growth rates R, the average size (S), and the
328 standard deviation o(R). Figure 9 shows o(R) versus (S),
329 where the power-law dependence is consistent with the em-
330 pirically found power-law relationship between firm size and
331 growth-rate standard deviation [9].

332 In conclusion, we find that, in contrast to the stochastic
333 process of Eq. (10), the univariate stochastic process of Eq.
334 (9) can reproduce, both qualitatively and quantitatively, find-
335 ings (i)—(iii) that are typical for a wide range of financial and
336 economic variables.

337 IV. MULTIVARIATE STOCHASTIC PROCESS

338 Financial and economic variables, such as exports, im-
339 ports, debt, and the GDP, are often cross correlated. Hence,
340 we attempt in the following to generalize the univariate sto-
341 chastic process of Eq. (9) to multiple (cross-correlated) vari-
342 ables. As an example of correlated variables, in Fig. 10 for
343 Germany we expose the time series of exports and imports,
344 because export and import data are characterized by cross
345 correlations between their time series [32]. Correlations be-
346 tween these two series are obvious because an increase in
347 exports is practically always followed by an increase in im-
348 ports. In economics, the GDP for any country is defined as
349 the sum of five economic variables, among which are exports
350 and imports.

351  In order to test if it is possible to model simultaneously
352 the growth of the GDP and its cross-correlated constituents,
353 all specified by a size dependence of o(R), we define a “the-
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FIG. 10. Time series of exports and imports of Germany ex-
pressed in U.S. dollars. We find that exports and imports are highly
correlated.

oretical” GDP as the sum of two cross-correlated variables /; 354
and I, [33]. We propose that the logarithmic growth rates for 355
I, , and I, , follow a stochastic process that is an extension of 356
the stochastic process of Eq. (9), 357

_ (L ,
R11,z = ln(h,r-l) = Mo+ 005,1—1(7111,1"' ¢R12,r—1)a (11) 358
R, . =n| 21 ) = o+ oyl5? (n,+ &R, ), (12)
L.t Ly = Mo+ 0oy i1\ 71, 1-1)5 359

where parameter ¢ controls the cross correlations between 360
I, and I ,. Note that the process generating the growth of 1, , 361
is similar to the stochastic process generating the growth of 362
I,,, where I,, and I,, are exchanged. For simplicity, both 363
stochastic processes generating I;, and I, are defined by 364
equal values for u, and oy, 365

For each time step, we perform simulations to calculate 366
two variables, I , of Eq. (11) and I, , of Eq. (12), for different 367
initial values I}, and I,,, and we compute (GDP),=I,, 368
+1,,. In Fig. 11 we find that, regardless of the presence of 369
cross correlations between 1, , and I, ,, the magnitude of R,i,, 370
(i=1,2) scales with size as a power law |R,i,,—,u0|0<<1i’,)‘5 371
for each of the two variables /; ,. 372

We further find that, not only for each variable /;,, but 373
also for the GDP, the magnitudes of Rgpp, scales with size 374
according to the same power law. We find that these findings 375
are not restricted to the particular parameter value y=0.15 376
consistent with empirical observation (iii). We also find that 377
the standard deviation scales with size as a power law for 378
each variable I, ;, I, ,, and GDP independently of the values 379
of . Note that the previous scaling we find by analyzing 380
only one pair of time series (I;,1,). Generating 100 pairs of 381
time series (/;,1,) each series of the same length, for each I; 382
and I, we calculate the average size and the standard devia- 383
tion (procedure explained in Fig. 3), and find power-law 384
scaling O'(Rli’,) (I )P, 385

Several stochastic processes have been proposed for mod- 386
eling the growth dynamics of complex organization, such as 387
companies [3,7-9,12,16,17,34-39]. However, the dynamics 388
of the proposed stochastic processes are not fully consistent 389
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FIG. 11. Dependence of the magnitude |R; ,— | of the logarith-
mic growth rate R, on the value of /; in the presence of cross
correlations. We generate two bivariate time series 151)’152)’ each of
the same length n=10 000, by the stochastic process of Egs. (11)
and (12) with parameter values ,uf)l)=0.002, ,u,(()z)=0.001, a'(()l)zof)z)
=0.1, yV=92=0.15, $=0.9, I, (=2000, and I, ,=3000. We find
that, for all i=1,2,3, Ry~ ,ug)| is monotonically decreasing with
I;,t and that the dependence of |R; ,—uo| on I;, can be approxi-
mated by a power law with a scalinlg exponent B=y.

390 with the three findings (i)—(iii) defined in the Introduction,
391 widely found in empirical data [9,12]. For example, the
392 model of Fu et al. [12] can reproduce findings (i) and (ii), but
393 fails to explain (iii). Second, none of the existing models
394 explained, in the case of different (iv) cross-correlated vari-
395 ables, the size dependence of the standard deviation of
396 growth rates for each of the variables.

397 V. CONCLUSIONS

398 We find that many economic variables S—including ex-
399 ports, imports, and foreign debt—exhibit three ubiquitous

PHYSICAL REVIEW E 77, 1 (2008)

properties: their logarithmic growth rates R are (i) Laplace
distributed in the central part and (ii) Pareto distributed in the
far tails, and (iii) the standard deviation o(R) decays alge-
braically (power law) with the average value (S) with a scal-
ing exponent S~0.15 surprisingly similar for all three eco-
nomic variables and surprisingly close to the scaling
exponent observed for the gross domestic product (GDP).

When analyzing wages for 161 different occupations and
total payroll data obtained from 50 of states of the USA, we
also find a power-law dependence of o(R) on S in both cases.
However, for the wages data o(R) decreases monotonically
with (S) with a positive scaling exponent B close to that
observed for exports, imports, debt, and the GDP, whereas
for the payroll data o(R) increases monotonically with (S)
with a negative scaling exponent S~ —0.08.

We propose a univariate stochastic process with only two
control parameters that is capable of reproducing, qualita-
tively and quantitatively, these three findings. We further
show that the parameter y controls the power-law exponent
of (iii) and oy, controls the power-law exponent of (ii). We
propose a multivariate stochastic process that extends the
univariate stochastic process to multiple cross-correlated
variables, and we find that this stochastic process reproduces
each of the three findings (i), (ii), and (iii) for each of the
variables. Moreover, we find that the “theoretical” GDP, de-
fined as the sum of the cross-correlated variables, reproduces
all three findings (i), (ii), and (iii).
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