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1 Introduction

The typical assumption in the macroeconomic literature is to consider aggregate U.S.

consumption to be random. We take this view here, but we also entertain the assump-

tion that consumers are uncertain about the randomness, as opposed to just viewing it

as risky. More precisely, we assume that consumers display ambiguity aversion toward

aggregate dividends. Ambiguity aversion, which is a way of formalizing preferences

that are consistent with the Ellsberg paradox, captures a form of violation of Savage’s

axioms of subjective probability. Instead, consumers behave as if a range of probability

distributions is possible and as if they are averse toward the “unknown”. With the

typical parameterized representation of ambiguity aversion, consumers have minmax

preferences, thus maximizing utility based on the worst possible belief within some

given set of feasible beliefs. Thus, the “pessimistic” beliefs are endogenous and fully

rational and the axiomatic underpinnings behind ambiguity aversion allows straight-

forward welfare analysis.

Under ambiguity aversion, consumers evaluate macroeconomic fluctuations differ-

ently. First, asset prices will reflect the perceived ambiguity. In particular, a small

amount of randomness gives first-order effects on utility if there is ambiguity about

this randomness. Thus, ambiguity aversion contrasts the standard model, where risk

aversion only leads to second-order effects on utility. Second, the implied costs of small

“business cycles”, i.e., of random consumption fluctuations, also are of first order. In

this paper, we investigate the asset prices and welfare costs of business cycles in more

detail: we derive asset prices and discuss their quantitative nature, and we assess the

implied welfare costs of fluctuations.

The first step in our work is to look at asset pricing in a simple Mehra-Prescott-style

endowment economy. Here, we demonstrate how one can obtain larger equity premia

by assuming ambiguity aversion, along with low riskfree rates. The key parameter in

the model is the amount of ambiguity aversion, but it interacts nonlinearly with other

parameters, such as with the coefficient of relative risk aversion. There is no direct

evidence of which we are aware that allows us to calibrate the ambiguity parameter, but

we show a range of calibrations that match the average returns on risky and riskless

assets. This range of calibrations includes one without ambiguity aversion but, as

has been pointed out in the literature, the implied risk aversion is very high, and the

subjective discount rate has to be negative.1 With a sufficient amount of ambiguity,

however, the required risk aversion parameter is much lower, and a positive subjective

1For a survey on the equity premium, see Kocherlakota (1996). Aiyagari (1993) shows how incomplete
markets together with costly asset trading both increases the equity premium and lowers the riskfree rate.
DeJong and Ripoll (2007) examine asset prices from the perspective of consumers with time-inconsistent
preferences; they do not find major effects.

2



discount rate can be accommodated. Moreover, we use additional return data—the

volatility of the short-term bond return and the average return on long-run bonds—to

suggest that ambiguity aversion really does allow the model to match the overall return

data better.

The second step of the work is to ask, given that preferences are such that the

model asset prices are in line with the data, how consumers then assess the fluctua-

tions from a welfare point of view. Thus, we redo the Lucas-style calculation whereby

one asks by how much the representative-consumer utility would rise (expressed as a

permanent increase in consumption) if all fluctuations around the trend were elimi-

nated. The answer, in the economy with ambiguity, naturally depends also on the

amount of ambiguity: since ambiguity is a form of “worry” about random fluctuations,

the elimination of the randomness would eliminate the worry, and consumers would be

better off as a result. We show that the costs of business cycles can be sizable, indeed

significantly over 10% of consumption in permanent terms.

The gains from eliminating fluctuations can be thought of in two parts in this model:

the gains from making consumption smooth rather than random, or fluctuating, and

the gains from eliminating the pessimism that ambiguity aversion leads to when con-

sumption is random. Interestingly, due to the interplay between these two effects, the

gains from eliminating fluctuations, can be decreasing in the coefficient of risk aversion

unless the discount factor is sufficiently low. This is because the gain from removing

pessimism is higher, the less curved is period utility: a removal of pessimism moves

probability mass from low-consumption to high-consumption states, which amounts to

a maximal gain when utility is linear.

As explained, thus, the approach here is to use the observed asset prices as a way

of selecting the ambiguity parameter. That is, we use the first step in our work as

a calibration, and then do the Lucas (1987) calculation based on it. In this sense,

our approach is similar to that pursued by Alvarez and Jermann (2004), who find a

way of computing the welfare costs of cycles directly based on information about the

market price of risk. The main difference between their work and ours is that whereas

they do not discuss specific forms of preferences, our main purpose here is to present

an explicit parametric class of preferences that, with an axiomatic underpinning and

back-up evidence at least on the experimental level, can deliver the observed asset

prices without implausible risk aversion or discounting. Moreover, their focus is on

marginal costs of fluctuations; our results, in contrast, are about their total costs, and

for such calculations more knowledge of preferences is needed. Closer to our approach

in that sense is Tallarini (2000), who uses Epstein-Zin preferences (see Epstein and Zin

(1989)), thus distinguishing between the intertemporal rate of substitution and risk

aversion in a way that we do not do here, in order to simultaneously address asset
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prices and the welfare costs of cycles. Alvarez and Jermann also make a distinction

between stock-market risk and consumption risk that is important and that we for

simplicity ignore here; moreover, the present paper also uses the riskfree rate, as well

as suggests other features of bond returns, to restrict preferences.

Our finding of a large quantitative effect is very significant compared to what the

rest of the literature has found; Lucas found about a tenth of 1%, and most studies

since have explored different preference settings or a different stochastic representation

than that used by Lucas, but most of these studies report numbers that are much lower

than those we find. For example, Bansal and Yaron (2004) emphasize how “long-run

risk” can influence asset prices significantly, and Croce (2006) builds further on this

hypothesis by incorporating production and by looking at the implied welfare costs of

this risk, which turn out to be large.2 It should be emphasized in this context that the

present study uses the Mehra-Prescott data and does not alter preferences beyond the

introduction of ambiguity and is in this sense conservative; the introduction of long-run

risk and Epstein-Zin preferences would presumably allow even larger welfare costs of

risk (though perhaps it is less clear whether this risk ought to be called business-cycle

risk).

A few studies explore incomplete markets, as do Krusell and Smith (1999); in an

economy with realistically modeled wealth heterogeneity, they find that eliminating

aggregate risk results in an average welfare gain of about 0.1 of 1% of consumption,

although there is significant diversity of outcomes across subgroups in the population.3

Related work by Storesletten, Telmer, and Yaron (2001) obtains larger estimates of

the gains from removing aggregate shocks in an overlapping-generations economy with

incomplete markets economy and productivity heterogeneity but only by about 5 times

larger than do Krusell and Smith. Finally, Abel (2002) examines how asset prices can be

understood from the perspective of “pessimism”; he does not propose an axiomatization

behind this, nor behind the other possibility he considers (“doubt”, amounting to a

mean-preserving spread in the perceived distribution of asset returns), nor does he

discuss the link to the welfare costs of consumption fluctuations, but his setting is

formally close to the present one.

Section 2 describes the basic model, Section 3 the asset pricing, and Section 4 the

elimination of fluctuations. Section 5 concludes.
2For recent accounts, see Reis (2006) and Otrok et al. (2004); see also Lucas (2003) for a survey discussion.
3Mukoyama and Şahin (2006) give evidence of larger effects when workers also differ in productivity levels

and unemployment probabilities.
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2 The economy

As in Mehra and Prescott (1985), we use a variation of the Lucas (1978) pure exchange

economy. Production is exogenous: the economy has a tree that pays dividends every

period.4 The dividend grows at a random rate. This rate has a two-state support given

by (λ1, λ2) and follows a first-order Markov process. The transition probabilities are

given by φss′ – the probability of going to state s′ if today’s state is s, with s, s′ = 1, 2.

When the consumer is ambiguous about these probabilities, he perceives them to

be

Φ(v) =

(
φ11 − v1 φ12 + v1

φ21 − v2 φ22 + v2

)
,

where vs ∈ [−a, a] (s = 1, 2) with restrictions on a such that all probabilities are in

[0,1]. The parameter a measures the amount of ambiguity in the economy.

Preferences of an ambiguity-averse consumer are given by the maxmin formulation

Vt(st) = u(c(st)) + β min
π∈Πst

EπVt+1(st+1)

where c is consumption, u(c) is the period utility function, and Πst is a set of transition

probability laws given the history st today.

Aversion to ambiguity is captured by the “minimization” part in the utility formu-

lation above: the consumer behaves with pessimism, i.e., he assumes the worst possible

probability distribution. For an axiomatic foundation for this preference formulation,

see Gilboa and Schmeidler (1989) for the static setting and Epstein and Wang (1994)

and Epstein and Schneider (2003) for a multiperiod setting.

3 Asset pricing

We begin with a simple example, based on logarithmic preferences and iid shocks, that

illustrates the key connections between preferences and asset prices, and we then pro-

ceed to the more general model: a CRRA period utility function and serially correlated

shocks. Then we calibrate the economy and report the model’s performance.

3.1 A simple example

Consider an ambiguity-averse representative agent with a logarithmic period utility

function and discount factor β. In this section, shocks are iid and symmetric, i.e.,

φss′ = φ = 0.5 for all (s, s′).

4The setting employed here is similar to a one-country version of that in Alonso (2007). There, asset
prices are determined from an intertemporal production technology that is linear.
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There are an equity share that is competitively traded and a riskless bond that is

in zero net supply. We denote by b and e the consumers’ bond and equity holdings,

respectively.

The representative agent holds the tree and, thus, his consumption every period is

the dividend of the tree. A log-period utility function together with the assumption of

iid and symmetric shocks imply that p, the price of the tree, will be linear in d, the

dividend, and independent of the state: p(d) = p̂d.

The ambiguity-averse consumer puts a higher weight on the bad outcome than what

is warranted by the objective probability; that is, he becomes pessimistic because he

is worried about that outcome and does not know its probability.

We assume that λ1 > λ2 so the bad outcome is state 2 – the outcome where the

dividend is low. The objective probability of this state is 0.5 but the consumer’s belief

is φ(v) = 0.5 + v and he chooses v from the set v ∈ [−a, a].

The problem of the representative agent with wealth today given by w is

V (w) = max
e

log(w − p(d)e) + β min
v∈[−a,a]

[(φ− v)V (w′1) + (1− φ + v)V (w′2)]

subject to

w′1 = [λ1d + p(dλ1)]e,

w′2 = [λ2d + p(dλ2)]e.

Here, for ease of notation, we have excluded the bond (since bond holdings have to be

zero in equilibrium). Moreover, the budget constraint, c + p(d)e + q(d)b = w where

w = (d + p(d))e−1 + b−1 (e−1 and b−1 are equity and bond holdings chosen in the

previous period), has been substituted away. The Euler equation for equity is

p(d)u′(d) =

β((φ− v)[λ1d + p(λ1d)]u′(λ1d) + (1− φ + v)[λ2d + p(λ2d)]u′(λ2d)).

Clearly, p is linear in d (a constant times d), whenever u′(c) = c−α (here, α = 1). Since

the period utility is logarithmic, the price of equity does not depend on beliefs because

the payoff and the inverse of marginal utility (u′) are proportional to λd so the payoff

times marginal utility is the same in both states. Thus, p(d) = β
1−β d solves the Euler

equation above: the price of equity is independent of φ and v.

Trivially here, since e = 1 in equilibrium, w′1 = λ1d
1−β and, w′2 = λ2d

1−β , then V (w′1) >

V (w′2), so the solution for v is a corner, i.e., v = a. We show in another paper (Alonso

and Prado (2007)) that v can be an interior solution when the economy is populated

by both ambiguity-averse and standard consumers.
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The Euler equation for bonds similarly gives

q(d)u′(d) = β[(φ− a)u′(λ1d) + (1− φ + a)u′(λ2d)].

We see that q depends on beliefs:

q = β

[(
φ

λ1
+

1− φ

λ2

)
+ a

(
1
λ2
− 1

λ1

)]
.

The higher is a – the more ambiguity aversion there is in the economy – the higher is

the belief that the bad state will occur, and the higher is the present value of one unit

tomorrow, since the probability weight placed on the state with a high marginal utility

is higher.

The expected return on equity, ERe, is given by

ERe =
φλ1 + (1− φ)λ2

β
,

and it is independent of the belief. The return on bonds, Rb, decreases when ambiguity

aversion increases, because Rb = 1
q .

The equity premium in this economy is

ERe −Rb =
φλ1 + (1− φ)λ2

β
− λ1λ2

β((1− φ)λ1 + φλ2 + a(λ1 − λ2))
.

Since φ=0.5, the equity premium in this economy is

ERe −Rb =
λ1 + λ2

2β
− λ1λ2

β(0.5(λ1 + λ2) + a(λ1 − λ2))
.

When ambiguity is most extreme, i.e., when a = 0.5, the equity premium becomes

λ1 − λ2

2β
.

Using λ1 = 1.02, λ2=1.01 and β = 0.98, the equity premium is 0.5%, and this is 200

times larger than the equity premium for the same parameter values when a = 0 –

the standard model. Though this is an example, and not a calibration exercise, it

illustrates that the effect of ambiguity on asset prices/returns can be substantial.

3.2 Serial correlation and CRRA utility function

We now assume that the period utility is u(c) = c1−α−1
1−α and that the shocks are serially

correlated.

The problem of the representative agent with wealth today given by w and today’s
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shock s is

Vs(w) = max
e

u(w − ps(d)e) + β min
vs∈[−a,a]

[(φs1 − vs)V1(w′1) + (φs2 + vs)V2(w′2)],

subject to

w′1 = [λ1d + p1(dλ1)]e,

w′2 = [λ2d + p2(dλ2)]e.

The Euler equation for equity is

ps(d)u′(d) =

β{(φs1 − vs)[λ1d + p1(λ1d)]u′(λ1d) + (φs2 + vs)[λ2d + p2(λ2d)]u′(λ2d)}.

The price of equity is still linear in d, and is now given by

ps(d) = ksd

where

ks = β[(φs1 − vs)λ1−α
1 (1 + k1) + (φs2 + vs)λ1−α

2 (1 + k2)],

for s = 1, 2.

Solving explicitly for k1 and k2, we obtain:

k1 =
β(φ11 − v1)λ1−α

1 + β(φ12 + v1)λ1−α
2 + β2(φ12 + v1 − φ22 − v2)(λ1λ2)1−α

1− β(φ22 + v2)λ1−α
2 − β(φ11 − v1)λ1−α

1 − β2(φ12 + v1 − φ22 − v2)(λ1λ2)1−α
,

and

k2 =
β(φ21 − v2)λ1−α

1 + β(φ22 + v2)λ1−α
2 + β2(φ12 + v1 − φ22 − v2)(λ1λ2)1−α

1− β(φ22 + v2)λ1−α
2 − β(φ11 − v1)λ1−α

1 − β2(φ12 + v1 − φ22 − v2)(λ1λ2)1−α
,

Thus, wealth next period is:

w′1 = λ1d(1 + k1),

and

w′2 = λ2d(1 + k2).

The solution for vs is still a corner (i.e., vs = a for s = 1, 2). To show this, one

needs to verify that V1(w′1) > V2(w′2). Since Vs(w′s) = As(w′s)1−α (where As is defined

in the next section), one needs to show that A1[λ1d(1 + k1)]1−α > A2[λ2d(1 + k2)]1−α,

which is straightforward.

The price of the bond is given by

qs(d) = β

[
φs1

1
λα

1

+ φs2
1
λα

2

+ a

(
1
λα

2

− 1
λα

1

)]
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for s = 1, 2.

The conditional expected return on equity is

ERe
s =

φs1[λ1d + p1(λ1d)] + φs2[λ2d + p2(λ2d)]
ps(d)

for s = 1, 2, and the unconditional expected return on equity, ERe, is

πERe
1 + (1− π)ERe

2,

where the invariant probability π solves

π = φ11π + φ21(1− π).

Therefore,

ERe = π
φ11[λ1d + p1(λ1d)] + φ12[λ2d + p2(λ2d)]

p1(d)
+(1−π)

φ21[λ1d + p1(λ1d)] + φ22[λ2d + p2(λ2d)]
p2(d)

=

π
φ11λ1(1 + k1) + φ12λ2(1 + k2)

k1
+ (1− π)

φ21λ1(1 + k1) + φ22λ2(1 + k2)
k2

.

The expected return on the bond, Rb, is given by

π
1
q1

+ (1− π)
1
q2

=

1
β


 π

φ11
1

λα
1

+ φ12
1

λα
2

+ a
(

1
λα
2
− 1

λα
1

) +
1− π

φ21
1

λα
1

+ φ22
1

λα
2

+ a
(

1
λα
2
− 1

λα
1

)

 .

Finally, the equity premium is given by

ERe −Rb.

3.3 Calibration and evaluation of asset prices

As in Mehra and Prescott (1985), we now select the parameters of the model so that the

average growth rate of per capita consumption, the standard deviation of the growth

rate of per capita consumption, and the first-order serial correlation of this growth

rate, all with respect to the model’s stationary distribution, match the sample values

for the U.S. economy between 1889-1978.

The values of the parameters are φ = 0.43 (where φ11 = φ22 = φ and φ12 = φ21 =

(1− φ)), λ1 = 1.054, and λ2 = 0.982.

Figure 1 shows the return on the riskfree asset, the expected return on equity, and
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the equity premium for β = 0.95, α = 2, and the ambiguity parameter a in a range

between 0 and 0.43.
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Figure 1: The role of ambiguity (a) for asset returns

The equity premium increases with the amount of ambiguity in the economy. When

a is higher, the consumer puts higher probability on the bad state: the future looks

worse so returns on assets are lower. For example, for a = 0.3, the return on the bond

is 4.27%, the expected return on equity is 6.98%, and the resulting equity premium is

2.71%. As a comparison, the largest equity premium that Mehra and Prescott were

able to obtain was 0.35%.

Figure 2 shows the return on the riskfree bond, the expected return on equity and

the equity premium for β = 0.95, a = 0.2, and a range of α between 0 and 10.

The equity premium is monotonically higher as α increases. If consumers are more

risk-averse, they require a higher premium to hold equity. Note, for example, that for

α = 8, the riskfree return is 4.72%, the expected return on equity is 8.77%, and the

resulting equity premium is 4.05%.

The returns on bonds and equity increase in α up to a point, and beyond that

point, the returns decrease. If the economy grows over time, as is the case on average

here, a higher α implies that consumption today is increasingly more valuable than

consumption in the future, since the marginal utility is then decreasing rapidly over
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Figure 2: The role of risk aversion (α) for asset returns

time. As a result, the interest rate increases in α. In the two-state economy here,

resources grow in state 1 (λ1 > 1) but shrink in state 2 (λ2 < 1). For lower values of α

the effect of positive growth in state 1 dominates the effect of a negative growth in state

2, since it is more likely, and asset returns increase in α. However, passed a threshold

level, the effect of negative growth in state 2 dominates over the positive effect in state

1 and, as a result, asset returns start decreasing on α. In other words, when α is high

enough, agents care more about the downside risk of the dividend growth rate (λ2)

than about the average dividend growth rate.

3.4 Bond-return volatility, long-run bond returns, and

ambiguity aversion

As indicated above, there are many combinations of the risk aversion, subjective dis-

count factor, and ambiguity aversion parameters which match the equity premium and

the riskfree rate. We could therefore potentially use other targets, e.g., the volatility

of the short-term bond return or the average return on a long-term bond, to select the

ambiguity aversion parameter, a.

Using the bond prices derived in subsection 3.2, the volatility of the bond return,
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σb, can be calculated as

σb = π

(
1− q1

q1

)2

+ (1− π)
(

1− q2

q2

)2

−
(

π
1− q1

q1
+ (1− π)

1− q2

q2

)2

.

To derive the price of the long-term bond return, also called a console (a bond which

pays a fixed coupon indefinitely), let us use the prices of contingent claims giving 1

unit in state j = 1, 2 tomorrow if the state today is s = 1, 2. They are given by

ps1 = β(φs1 − v1)λ−α
1

and

ps2 = β(φs2 + v2)λ−α
2 .

Then the prices of the console paying a coupon of x consumption units every period

forever, given that the current state is s = 1, 2, are

q∞,1 = p11(x + q∞,1) + p12(x + q∞,2)

and

q∞,2 = p21(x + q∞,1) + p22(x + q∞,2).

Solving these two equations, we obtain the prices of the infinitely-long bonds ex-

plicitly. They are

q∞,1 =
[p12(1 + p21) + p11(1− p22)]x
(1− p22)(1− p11)− p12p21

if today’s state is 1 and

q∞,2 =
[p21(1 + p12) + p22(1− p11)]x
(1− p22)(1− p11)− p12p21

if today’s state is 2.

Then the two conditional expected returns become

Rb
∞,1 =

(q∞,1 + x)φ11 + (q∞,2 + x)φ12

q∞,1

=
1− p11 − p22 + (p12 + p11)φ11 + (p21 + p22)φ12

p11 + p12 + p12p21 − p11p22

and

Rb
∞,2 =

(q∞,1 + x)φ21 + (q∞,2 + x)φ22

q∞,2

=
1− p11 − p22 + (p12 + p11)φ21 + (p21 + p22)φ22

p21 + p22 + p12p21 − p11p22
.
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The implied unconditional return is given by

Rb
∞ = πERb

∞,1 + (1− π)ERb
∞,2,

where π is the invariant probability.

In the data, the volatility of the real 3-month U.S. Treasury Bond return over the

period Jan-1948 to Oct-2007 is 2.3%.5 The average real return on the long-term bond

(30-year Treasury bond) over the period Jan-1977 to Oct-2007 is 3.6%. In Table 1,

we display the volatility of the short-term bond return and the average return on the

long-term bond for different values of α, β, and a. These values all deliver the same

equity premium and the same return on the short-run riskless bond: 6.18% and 0.8%,

respectively.

β α a σb Rb∞
1.124 18.351 0.000 8.38% 4.97%
1.110 18.065 0.012 8.18% 4.93%
1.090 17.640 0.029 7.89% 4.88%
1.070 17.194 0.048 7.60% 4.82%
1.050 16.722 0.069 7.30% 4.77%
1.030 16.221 0.091 6.99% 4.71%
1.010 15.683 0.115 6.68% 4.64%
0.990 15.101 0.141 6.35% 4.57%
0.970 14.464 0.171 6.01% 4.49%
0.950 13.752 0.204 5.65% 4.39%
0.930 12.938 0.242 5.26% 4.28%
0.910 11.965 0.288 4.82% 4.15%
0.890 10.701 0.348 4.29% 3.97%
0.873 8.955 0.430 3.59% 3.68%

Table 1: Volatilities and returns

As we can see in the table, the data favors high levels of ambiguity. For a = 0.43,

the model’s long-term real return is 3.68% and the data is 3.6%. Our volatility for

the short-term riskfree real return is still high, but since the volatility is decreasing in

a, the data suggests a high value for ambiguity (with lower values for the subjective

discount factor and the risk aversion). This reassures us that ambiguity aversion plays

a role in determining asset prices. However, in the next section, where we study the

welfare costs of consumption fluctuations, we will consider the whole range of values

for a from 0 to 0.43.
5The data on returns and consumer price index are from the Federal Reserve Economic Data, available

online at the Federal Reserve Bank of St. Louis’s web page: http://research.stlouisfed.org/fred2/.
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4 Eliminating consumption fluctuations

As in the previous section, we begin with the simple example and then proceed to the

case we use for the quantitative analysis.

4.1 A simple example – iid shocks

We first calculate the costs of consumption fluctuations when shocks are iid. The

present discounted utility when the representative agent consumes the stream of divi-

dends given by the tree if the dividend today is d is given recursively by

V (d) =
d1−α

1− α
+ β

{
min

v∈[−a,a]
[(φ− v)V (λ1d) + (1− φ + v)V (λ2d)]

}
.

The solution for V (d) is

V (d) = Ad1−α,

where

A =
1

(1− α){1− β[(φ− a)λ1−α
1 + (1− φ + a)λ1−α

2 ]} .

As shown in the previous section, v = a since V (d) is increasing in d.

Eliminating consumption fluctuations will deliver the present value of total utility

corresponding to consuming the expected value of the dividend every period. This

utility is given by:

∞∑

t=0

βt [d(φλ1 + (1− φ)λ2)t]1−α

1− α
=

d1−α

(1− α)[1− β(φλ1 + (1− φ)λ2)1−α]
.

The costs of consumption variability are given by γ where γ solves:

(1− γ)1−α

1− β[φλ1 + (1− φ)λ2]1−α
=

1
1− β[(φ− a)λ1−α

1 + (1− φ + a)λ1−α
2 ]

. (1)

Figure 3 below plots γ as a function of a for α = 2 and β = 0.95. The figure shows

how the costs of consumption variability are increasing in a.

Turning to the roles of risk aversion and the discount factor, Figure 4 below looks

at the special case a = 0 (no ambiguity aversion) and plots γ as a function of α, for

several different values of β.

As β increases the curve moves up, since the welfare gains are higher the more

the consumer cares about future consumption. As expected, as α increases so do the

welfare costs of business fluctuations.

Figure 5 below looks at the case with ambiguity: it plots the same function but for

a = 0.1. When there is ambiguity and for a β that is sufficiently high, the real costs of
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Figure 3: The role of ambiguity (a) for the costs of fluctuations
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Figure 4: The role of risk aversion (α) for the costs of fluctuations without ambiguity

business fluctuations, strikingly enough, decrease as α increases.

What explains the finding that in an economy with ambiguity, with more risk

aversion, the costs of fluctuations may decrease? Looking more in detail into the costs

of consumption fluctuations, one realizes that there are two kinds of gain from removing

these fluctuations: (1) the gain from moving to non-fluctuating consumption and (2)

the gain from not being pessimistic about the good state.
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Figure 5: The role of risk aversion (α) for the costs of fluctuations with ambiguity

To analyze this distinction we also construct γ̂ as a function of α, where γ̂ isolates

the gains from moving to non-fluctuating consumption; i.e., γ̂ solves

(1− γ̂)1−α

1− β[(φ− a)λ1 + (1− φ + a)λ2]1−α
=

1
1− β[(φ− a)λ1−α

1 + (1− φ + a)λ1−α
2 ]

. (2)

On the left-hand side of this equation, we have expected consumption growth using

pessimistic beliefs, as opposed to neutral beliefs (a = 0), thus eliminating the second

source of gains from removing business cycles in this economy.6

Figure 6 below plots γ and γ̂ for β = .65 and β = .95, respectively.

The difference between the solid line and the dotted line is the gain from removing

pessimism. It is decreasing in γ. The reason why the removal of pessimism gives a lower

6To prove that the gain can be decreasing in γ, consider the derivative of γ with respect to α at α = 0.
It is given by

dγ

dα
= −

(
1− βλ̄

1− βλ̄a

)[
ln

(
1− βλ̄

1− βλ̄a

)
+

βλ̄ ln(λ̄)
1− βλ̄

− β[(φ− a)λ1 ln(λ1) + (1− φ + a)λ2 ln(λ2)]
1− βλ̄a

]
,

where λ̄ = φλ1 + (1− φ)λ2 and λ̄a = (φ− a)λ1 + (1− φ + a)λ2.
If a = 0, λ̄ = λ̄a and the sign of this derivative is given by the difference between λ1 ln λ1 + λ2 ln λ2 and

λ1 ln λ̄ + λ2 ln ln λ̄. This sign is positive since λ1 > λ2 and it does not depend on the value of β.
However, if a > 0, then λ̄ > λ̄a and the sign of the derivative depends on the value of β. For a high value

of β, the second term in the sum above is high relative to the first and third terms of the sum, implying that
the sign of the derivative is negative. But for a lower value of β, the effect of β on the denominators of the
three terms of the sum decreases the value of the sum, and for a β sufficiently low, the sign of the derivative
is reversed and becomes positive.

16



0 2 4 6 8 10 12
0

0.5

1

1.5

2

2.5

3

α

p
e
rc

e
n
t

gamma
gamma_hat

0 2 4 6 8 10 12
0

5

10

15

20

25

30

α

p
e
rc

e
n
t

gamma
gamma_hat

Figure 6: The costs of removing fluctuations and the costs of removing pessimism

welfare increase for lower values of α is that when pessimism is removed, probability

mass is in effect moved from the bad state to the good state. What is the utility gain

from such an experiment? It depends on the curvature of the utility function: the

higher is the curvature, the lower is marginal utility for higher consumption values, so

the smaller is the effect. That is, the utility gain from consuming more rather than

less, and thus from moving probability mass from the low to the high state, decreases

in α. The maximum effect is clearly obtained when u(c) is linear.

In sum, the effect of removing consumption fluctuations is increasing in α while the

effect of removing pessimism is decreasing in α. Thus, as α increases, which of these

two effects dominates is not a priori clear. The figures above reveal that the answer

can depend on the value of β. The reason why β can determine the relative strengths

between these two effects – those of removing pessimism and fluctuations – appears to

be related to the fact that although both appear in the future, the removal of pessimism

relies on increasing average growth rates, as opposed to levels. When growth rates are

affected, the effect builds up over time, and discounting plays a more important role.

4.2 Serially correlated shocks and a CRRA utility func-

tion

Calculating the utility of the deterministic growth path when the shocks are serially

correlated is more involving. To this end, we will now introduce some notation.
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Let the transition probabilities be given by

Φ ≡
(

φ11 φ12

φ21 φ22

)
,

let

Λ ≡
(

λ1 0

0 λ2

)
,

and let

λ ≡
(

λ1

λ2

)
.

Consider the expression

λe
t ≡ (ΦΛ)t−1 Φλ. (3)

The first row of this expression is the expected growth rate between now and t periods

from now if the state now is state 1 and the second row is the expected growth rate

between now and t periods from now if the state now is state 2 . Denote these λe
t |1 and

λe
t |2, respectively. That is,

λe
t ≡

(
λe

t |1
λe

t |2

)
.

The utility of the deterministic growth path, where growth is equal to the expected

value beginning in state s, is

u(d) + βu(dλe
1|s) + β2u(dλe

2|s) + β3u(dλe
3|s) + . . . ,

which when we have CRRA utility equals

d1−α

1− α

(
1 + β (λe

1|s)1−α + β2 (λe
2|s)1−α + β3 (λe

3|s)1−α + . . .
)

. (4)

The rate at which λe
t grows in the limit is given by the greatest (in absolute value)

eigenvalue of ΦΛ7.

The present value of total utility when the dividend is d and the shock is s, is given

by

Vs(d) = Asd
1−α,

for s = 1, 2, and where

A1 =
1 + βλ1−α

2 (φ12 − φ22)
(1− α)[1− β(φ22 + v2)λ1−α

2 − β(φ11 − v1)λ1−α
1 − β2(φ12 + v1 − φ22 − v2)(λ1λ2)1−α]

,

7Therefore, the sum in (4) exists if this eigenvalue raised to the power of 1− α times β is less than 1.
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and

A2 =
1 + βλ1−α

1 (φ21 − φ11)
(1− α)[1− β(φ22 + v2)λ1−α

2 − β(φ11 − v1)λ1−α
1 − β2(φ12 + v1 − φ22 − v2)(λ1λ2)1−α]

.

Since v1 = v2 = a,

A1 =
1 + βλ1−α

2 (φ12 − φ22)
(1− α)[1− β(φ22 + a)λ1−α

2 − β(φ11 − a)λ1−α
1 − β2(φ12 − φ22)(λ1λ2)1−α]

,

and

A2 =
1 + βλ1−α

1 (φ21 − φ11)
(1− α)[1− β(φ22 + a)λ1−α

2 − β(φ11 − a)λ1−α
1 − β2(φ12 − φ22)(λ1λ2)1−α]

.

Thus, the welfare cost starting from state 1 is given by the γ1 solving

A1 =
(1− γ1)1−α

1− α

(
1 + β (λe

1|1)1−α + β2 (λe
2|1)1−α + β3 (λe

3|1)1−α + . . .
)

. (5)

Similarly, the welfare cost starting from state 2 is given by the γ2 solving

A2 =
(1− γ2)1−α

1− α

(
1 + β (λe

1|2)1−α + β2 (λe
2|2)1−α + β3 (λe

3|2)1−α + . . .
)

. (6)

To solve this numerically, it is helpful to define

λ̂e
t ≡

(
β

1
1−α ΦΛ

)t−1
Φλβ

1
1−α

and then solve the implied new equations corresponding to the previous two:

A1 =
(1− γ1)1−α

1− α

(
1 +

(
λ̂e

1|1
)1−α

+
(
λ̂e

2|1
)1−α

+
(
λ̂e

3|1
)1−α

+ . . .

)
(7)

and

A2 =
(1− γ2)1−α

1− α

(
1 +

(
λ̂e

1|2
)1−α

+
(
λ̂e

2|2
)1−α

+
(
λ̂e

3|2
)1−α

+ . . .

)
(8)

for γ1 and γ2, respectively. The latter sums are easier to compute whenever they are

finite, since then they consist of terms that go to zero as t goes to infinity. (The object

to be raised to the power 1−α may go to infinity when α > 1, but raising to the power

then implies that the terms go to zero.)

Figure 7 below plots the costs of business cycles for β = 0.9 and α = 2 as a func-

tion of a; i.e., it shows a “comparative-statics” exercise with respect to the ambiguity

parameter only.

Clearly, also in the economy with a realistic shock process, more ambiguity aversion

increases the costs of business cycles. By eliminating fluctuations (if that is possible),

19



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
0

5

10

15

20

25

30

35

40

a

p
e
rc

e
n
t

γ
1

γ
2

Figure 7: The quantitative costs of removing fluctuations as a function of a

the government would eliminate the first-order negative effect on utility that consumers

experience from random consumption.

We continue with comparative statics with respect to various parameters and then

finally describe the welfare costs when the parameters are selected to match the asset

prices.

Figure 8 below plots the costs of business cycles for β = 0.95, and a = 0.1 as a

function of α. As argued in the previous subsection, for high values of β (such as 0.95),

consumption fluctuations hurt less in total the more risk-averse is the consumer, since

the removal of pessimism is less beneficial for high levels of risk aversion, an effect

which relies strongly on low discounting.

Finally, Figure 9 plots the costs of business cycles for α = 2 and a = 0.2 as a

function of β. Consumers who put a higher weight on future consumption clearly

suffer more from consumption fluctuations.
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Figure 8: The quantitative costs of removing fluctuations as a function of α
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Figure 9: The quantitative costs of removing fluctuations as a function of β

4.3 The costs of fluctuations for calibrations that match

asset prices

We now look at the costs of fluctuations when the asset prices match the data for the

period considered by Mehra and Prescott, i.e., 1889-1978. Mehra and Prescott found

that the average real return on short-term riskless securities was 0.8%, and the average
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annual real return on the Standard and Poor’s 500 Composite Stock Index was 6.98%.

This implies that the average equity premium over that period was 6.18%.

As was discussed briefly above, matching these data can be accomplished in different

ways, and each of these is associated with a different cost. Table 2 below illustrates

that the welfare costs – or, rather, the potential welfare costs – of cycles are huge.

β α a Rb ERe −Rb γ1 γ2

1.124 18.350 0.000 0.8% 6.18% 8.03% 7.99%

1.120 18.270 0.003 0.8% 6.18% 8.11% 8.07%

1.100 17.855 0.020 0.8% 6.18% 8.51% 8.47%

1.070 17.194 0.048 0.8% 6.18% 9.13% 9.10%

1.020 15.956 0.102 0.8% 6.18% 10.29% 10.26%

1.000 15.398 0.127 0.8% 6.18% 10.82% 10.80%

0.950 13.752 0.204 0.8% 6.18% 12.46% 12.44%

0.930 12.938 0.242 0.8% 6.18% 13.33% 13.31%

0.910 11.965 0.288 0.8% 6.18% 14.45% 14.43%

0.890 10.701 0.348 0.8% 6.18% 16.06% 16.05%

0.873 8.954 0.430 0.8% 6.18% 18.72% 18.72%

Table 2: Welfare costs for preferences that match asset prices

The costs (recall that γz denotes the cost in state z) differ markedly across the

different parameter configurations. Notice that the highest costs appear for higher

values of a, i.e., when there is more ambiguity. Looking at the first two columns of

the table, we also see that higher values of a are attractive in that they make very

high values of risk aversion, α less crucial, and they allow more discounting. Without

ambiguity, discounting needs to be negative – a β higher than 1 is required – in order

to explain the low riskfree rate: to explain a high risk premium, a high α is needed,

but a high α makes a consumption unit in the future worth much less than now, given

that consumption is increasing on average, thus leading to a high real interest rate,

unless β is made very high. A β above unity is consistent with aggregate data, which

shows consumption growth during most episodes, but simple introspection (given a

consumption path, would you choose a unit of consumption now or a unit later?) does

cast some doubt on this possibility.

Lastly, for comparison we show the associated costs when a = 0 for the same

configurations of α and β; see Table 3. These are high too compared to Lucas’s

numbers, since α is high (above 10 in all except the last row), but much lower than

those above.
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β α a Rb ERe −Rb γ1 γ2

1.124 18.351 0 0.80% 6.18% 8.03% 8.00%
1.120 18.270 0 1.18% 6.15% 7.71% 7.68%
1.100 17.855 0 3.11% 6.00% 6.46% 6.42%
1.070 17.194 0 6.13% 5.75% 5.16% 5.13%
1.020 15.956 0 11.45% 5.28% 3.77% 3.74%
1.000 15.398 0 13.69% 5.06% 3.36% 3.34%
0.950 13.752 0 19.49% 4.40% 2.55% 2.53%
0.930 12.938 0 21.84% 4.07% 2.27% 2.26%
0.910 11.965 0 24.15% 3.67% 2.02% 2.00%
0.890 10.701 0 26.27% 3.15% 1.76% 1.75%
0.873 8.955 0 27.46% 2.45% 1.50% 1.49%

Table 3: Welfare costs for preferences without ambiguity

5 Conclusion

In this paper we have studied asset pricing and evaluated the welfare costs of fluctua-

tions in consumption for an economy where consumers are ambiguity-averse. First, we

have shown parameter configurations under which the equity premium is quite large

(and the riskfree rate is small); the ability to match these return features comes from

the ability of ambiguity aversion to generate first-order effects on prices. This sets

it apart from risk aversion, which operates through second-order effects. Ambiguity

aversion has first-order effects, in essence, because consumers behave as if they have

beliefs that the good return outcomes are less likely than they really are.

Second, using the calibrations that deliver realistic asset prices, we have shown that

the welfare benefits of eliminating consumption fluctuations need not be as small as

those in Lucas’s calculations. This is not to say that the benefits are large: the numbers

we obtain are, just like Lucas’s numbers, upper bounds, and these upper bounds leave

open what the costs of stabilization (say, in the form of distortions) might be, and also

leave open whether full stabilization even is feasible. Nevertheless, it is valuable to

note that these bounds can be as large as 15% in permanent consumption terms when

asset prices are matched by the model.

Several questions may arise in response to our hypothesis that there is ambigu-

ity and, in essence, pessimism toward consumption and stock-price fluctuations. For

example, wouldn’t consumers realize that it is “irrational” to be pessimistic, since pre-

dictions based on their beliefs can be found to be systematically off? First, the present

model does not, in a strict sense, fall under the behavioral rubric: ambiguity aversion

is not only documented in experiments but also rationalized axiomatically based on the

experimental evidence, and this axiomatization is employed in the present paper. Sec-

ond, one may however wonder if ambiguity would not disappear if consumers were able
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to learn. Marinacci (2002) and Epstein and Schneider (2007, 2008) consider learning

and conclude that indeed it is possible that consumers learn and that the pessimism

disappears over time. The latter paper, however, also considers learning where “new

ambiguity” may appear over time, and in this case complete learning will not occur

in general. New ambiguity would be captured by new aggregate events occurring over

time, such as technical change (an “IT era” being a particular striking example), finan-

cial crises, and political crises, and if such events trigger large consumption fluctuations

it would seem reasonable to assume that ambiguity about aggregate events is quanti-

tatively important and a recurring, if not permanent, phenomenon. The present paper

is a stark example, perhaps, but could be extended to a setting like that considered by

Epstein and Schneider, and we conjecture that ambiguity would still have important

effects on the welfare costs of fluctuations in such an economy.

Another question regards heterogeneity: what if some consumers are ambiguity-

averse while others are not? Might the ambiguity-averse people tend to lose money on

average, given their beliefs, so that those agents with significant wealth in the long run

would mainly consist of “standard” consumers? We explore this question in another

paper – Alonso and Prado (2007) – and indeed find that ambiguity-averse consumers,

by making consistently “bad bets”, will see their relative wealth decline over time, and

thereby asset prices will be more and more dominated by standard consumers. Note

also that these bad bets are not bad in the sense of “crazy portfolios”, but simply

in the sense of delivering lower return on average by not investing enough in stock.

In particular, if ambiguity aversion is large enough, the ambiguity-averse consumers

choose to not participate at all in the stock market: the other, standard consumers,

hold all the risk (and get all the high returns on average). In order to make the wealth

distribution not converge to an extreme outcome, one could consider an overlapping-

generations structure, where in each generation of newborns with equal asset wealth

some are ambiguity-averse; that way, a significant part of aggregate wealth will always

belong to ambiguity-averse consumers, and such a setting would seem quite realistic.

The most important remaining question seems to be about finding alternative ways

of identifying the degree of ambiguity aversion, as represented by a in the analysis

above. Experiments could perhaps be used but one would seem to need to examine

ambiguity event by event. The approach here is to use asset prices to inform us on

the value of a; we thus identify combinations of values for the discount factor and for

risk aversion that allow us to match the equity premium and the riskfree rate. One

approach would be to go further by looking at more aggregate asset-price moments;

another would be to try to estimate a by also looking at individual portfolio data.
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